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The Study of Periodic Orbits of Dynamical Systems.
The Use of a Computer

S. De Gregorio®
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We examine the role of a computer to prove the existence of periodic orbits of
nonquadratic dynamical systems on the lines of the work of Vul and Sinai ) for
quadratic systems. We show that, in principle, the work can be successful.
Results, simpler in the case of quadratic systems, are applied to the well studied
Lorenz model.
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1. INTRODUCTION

A previous paper'® considered the problem of the role of a computer to
prove the existence of periodic orbits in the systems of quadratic differential
equations, a problem already studied by Vul and Sinai.*)

The relevance of the study of periodic orbits of dynamical systems can
be deduced from the works of many authors, for example Ref. 3. In this
work we generalize the study to nonquadratic systems and, perhaps even
more interesting, we obtain bounds that are more effective also in the case
of quadratic systems. We recall that the problem we face is how to use
“q priori” bounds and evaluation by means of a computer to prove the
existence of a “true” periodic orbit in some neighborhood of a numerical
periodic orbit. We show that, with some hypotheses on the system of dif-
ferential equations and with a convenient choice of a numerical procedure,
the use of a computer is successful: in principle, periodic orbits can be
“exactly” detected by a computer if the computer is sufficiently precise.
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948 De Gregorio

There are many numerical studies of quadratic dynamical systems.™®
Their relevance derives, for example, from the fact that truncated Euler or
Navier-Stokes equations are systems of quadratic ordinary differential
. equations. We note that these systems have some very interesting behavior.
Consider the system

)5,-=Zaiklxkx,——2bikxk+c,-, i=1,...,n
ki k

where

Zbikxi-xk>0 (1)

ik

for x=(xy, x3,.., x,) #0.

If we denote by a the maximun of ', , , a,,x,x,x, on the unit sphere,
by f the minimun of (2} and by y the maximun of Y, ¢;x,, we have a, y =0
because they refer to odd functions, and > 0 by definition. It then follows
that

d1

B—ZE Z xf = Z aik[xixkxl_z byxix)+ Z CiX;
i ikl ik f

1/2
<aR’-BR*+yR, R= [Z x,?}

SO
dR
—< 2_ 2
7 aR*—BR+y 2)
From (2) we have that
dR .
?l?<0 if Ri<R<R,
where
bt/ (F—du)”
Ria= ) )

2

and R, R, are real if %> 4ay.

This means that if the flow x(r) at some time gets into the sphere of
radius R, ¢, £>0, it cannot escape from it any more and gets into the
sphere of radius R, +&. If =0, then dR/dt is less than zero if R> y/B: the
flow always comes into the sphere of radius R=1y/f +e.
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When the system is of the kind we are discussing, this a priori
knowledge of the region of the flow (in the first case only for the flows
starting inside the outer sphere) can be used, if useful, in what follows.

We also note, incidently, that if

Agy=a;; =0 Vi, k, [

then

i

divvzz%zaZbiKO

and the volume in the phase space decreases at an exponential constant
rate

v(t) =v(0) exp(—div vt)

and the bounded component of the attractor can evidently have only
Lebesgue measure zero. But nevertheless it can be “strange,” that is, very
complicated.

The work is obviously a balanced connection of analytical and
numerical results.

In the first part we pose the notations, recall the result of Vul and
Sinai, and prove the main properties of the flow and of the Poincaré map
we need later. The rest of the paper is devoted to the analysis of errors of
intégration (of the computer and of the numerical procedure), and to the
way of controlling them. Finally we give two applications to the Lorenz
model.

2. NOTATIONS AND MAIN RESULT (THEOREM 1)
Let

x=F(x) 4)
be an autonomous system ordinary differential equations in R”, with

X:(Xl, X guees xn)a F= (flsfza"'afn)

We suppose that F(x) is regular, at least C>, in the region we are interested
in, and consider the following two cases:
(a) F(x) is quadratic.

(b) The third derivatives of F(x) are uniformly bounded in the
region containing the flow.
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Remark. The condition (b) is not so bad for the definition of boun-
dedness we will give: for example a cubic term is uniformly bounded in the
whole space (see next definition of | F?|).

We will see that in some cases it will be sufficient also for a rough
bound of the third derivatives to have useful conclusions.

Other simplifying conditions could also be considered, such as the
Lipschitz condition on the first derivatives.

The solutions of (4) determine a flow in R".

We denote by S, the corresponding one parameter semigroup. So, as
usual, the solution that for 1 =0 is in x is denoted by S,x, i.e.,

S,x = x(1) if x(0)=x
Given the trajectory

V={Szxo,9<f.<T}

for an arbitrary fixed T >0 we consider also the linear system associated to
(4) along y, that is, the system

E=F(S,x0)z (5)

where F' is the matrix of derivatives df,/0x; evaluated along .

Denote by Z(s, {) the fundamental matrix solution of (5) such that
Z(s,s)=E, with E the identity matrix. Given the hypersurface I, x,=
const = ¢, we consider a trajectory that starts in a point x, of the plane and,
after a time T, crosses again the plane in the same direction in a point x'
near the initial point. x’ is by definition the Poincaré map of x, and we
denote it by x' = P(x,). Obviously we suppose that the vector field x is not
tangential to the plane in a neighborhood of x;, that is, f{(x)#0, so the
Poincaré map is defined for every point of this neighborhood.

Denote by %,(x,) the cylindrical neighborhood of x,

Up(x0) = {xt Y Ixi—xal? < p? Ixg—el < p}
i#d

by #,(y) the p neighborhood of y and by {x,,k=0,1,.,N} the

pseudotrajectory obtained by numerical integration of (4) starting in x,.
Our problem is to find fixed points of the Poincaré map [and so a

periodic trajectory for the flow defined by (4)]. We will see that the most

important procedure to be successful is to separate the linear part of the

Poincaré map from the nonlinear part.
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Introduced the Euclidean norm |x|, for vectors x, we note that the
norm ||A| of a matrix is then defined by the square root of the maximum
eigenvalue of the matrix 4 - 4*.

We need to estimate the following parameters:

ci(f)= sup [[Z(0, 7)), = sup || L(s, 1)
o<t 0<s<I<T

IF = sup [F(x)l,  i=0,1,2 (6)

1) =sup [ F*(x)]

where {x,} is the pseudotrajectory and |F'(x,)| is the norm of tensors
obtained deriving i times the vector F, the case i =0 corresponding to the
vector F itself. More precisely,

1Fl| = Fll = sup HF(x) [F! = Sup LF (x|
and |F'(x)(, i=2, 3, are defined by

<IF(xo)l [ X117

ZFij(xk) XY,
LJ

where
O*fi(xi)  0%(xi)
F,j(xk) —[ aXi 6)(] geesy 6xi ax] ], X= (Xl seees Xn)""’
and
Y Fu(x)X,Y,Z,| < |Fx)| |X] Y] |Z]
ij.r
where

0i(x) 0%(x) ]

0x,0x;0x,”” 0x,0x; 0x,

Fto=|
We need also

cy= inf [ [ (x)|

x €Uy (x0)

12
c4= sup [Z f?(X)] = sup | Fa(x)|

xeUp(x0) Liztd
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and
cs= sup [F(x)

x & Up (x0)

where F; denotes the vector Fa= (f1,. fu_ 1> fus 15 fn)- It i convenient
to use |F| instead of |F| only if | f,| > | fil, i#d. p, has to satisfy the con-
dition: 2¢; po(1 + c4fc3) +e< p, with the value of p, given in Theorem 2
and ¢ defined in Theorem 1 (see the end of the proof of Lemma 3).

The previous hypothesis (b) means that |F°| is bounded. We now
recall, for completeness, the fundamental theorem given in Ref. 1. Let the
Poincaré map P be defined in the neighborhood %,(x,) nI" and suppose
that x" = P(x,) is still in %,(x,) n I". Develop the Poincaré map around x,
for xeU,(xy) n I" in the following way:

P(x)=x"+ L{x— xq) + Q(x, x5)

so L is a linear matrix and Q(x, x,) contains the nonlinear terms of the
map. Then we have the following:

Theorem 1 (Ref. 1). Suppose (i) there exist constants p, and K|
such that

1Q(x, x0) — Oy, xo)| < Kop |x— yl (7)

for every p<poand |x—xo| <p, | y—x° <p.
(ii) For e=|x"— x,| and for some § < p, let the following inequality
be satisfied:

L= E) (§+Koﬁ)<1 ®)

then in a p neighborhood of x, there exists a unique fixed point of the
Poincaré map.

We give here, for completeness, a short proofl. If x* is a fixed point of
P, itis

x*=x"+ L(x* — x¢) + O(x*, x,)
from which
x* —xg= —(L—E) " '[x' —Xxo+ Q(x*, xo)]
So it is natural to check if the inductive sequence (

X" —xg= —(L—E)~'[x' = xo + Q(x" ", xo)]
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will converge to x*. First of all, if x"~"e%;(x,)n I'; also x, stays in the
same neighborhood

X" — x| SI(L—E)~"|l (e + Kop*) <
Furthermore the sequence is contractive

X" <L —E) M HQ(x", x0) — Q(x" 7", xo))]
SIHL=E) ' Kop |x" = x"~ ! <|x"—x"71]

Ixn+1__

and so there exists a unique fixed point.

Remark. Even if ||(L—E) || and K, are relatively large, the con-
dition (8) of the Theorem can be satisfied if ¢ is small enough. Denoting by
X the numerical image of x, on I, in the relation

£=[x"— Xo| S[X" = X[ + [X — x|

the first term on the right contains only errors of the integration procedure
and round off errors, and can be reduced conveniently using a higher order
of integration and a more precise computer, or using multiple or infinite
precision programs. The second term on the contrary tells us how near we
are numerically to a fixed point of the Poincaré map: if x, is a true fixed
point also this term can be made conveniently small. So, if the system has
periodic orbits, we can find them by means of the Newton method,
applicable even if the orbit is not attractive, and can, in principle at least, if
[(L—E)~' is not very big or infinite, satisfy the condition (8) of the
theorem. What remains is the condition (7), but we are able to prove the
following theorem.

Theorem 2. Condition (7) of Theorem 1 is satisfied with
Ko~ (1 +?) TY(T) ¢(T) # DT
3

where p, is such that

B=cipo(IF +3I1F) ¢1p0) <1/2T

and
y(2) =2c2P (| F2|| + 3P | F*| ¢y po)

The exact value of K|, is at the end of Remark (3) of Lemma 2.

Remark. We are not saying that we can certainly find all periodic
orbits by computer: |(L — E)~'|| and K, can be very big and, despite of the

822/38/5-6-10
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fact that the Newton method is applicable also to nonattractive orbits, we
have to start near them to have convergence. In any case, a lot of work is
necessary.

3. PROPERTIES OF THE FLOW

We start with some useful lemmas. We suppose that |F?|| is bounded
(if instead the system is quadratic, in all what follows |F*| has to be con-
sidered zero).

Lemma 1. If |x—x,| <p where p is such that

B=cip(IF?| +31F] c1p)<1/2T ©)
then
(i) x(£) = xo(1)] < ePley(1) |x—xo|  for ¢<T
and
(it) 1x(2) = x0(1) = Z(0, 1)(x — xo)|

SR (IF) + 3P 1P| erp) |x — X0l

Remark. We see that, if p is small, it is not necessary to have a
narrow bound for [F?|| to satisfy (9). In our applications we find for p
values of the order of 1076, 10"

Proof. (i) Expanding F(x(z)) we have
X() = %o(t) = F'(xo()) [x(2) — xo(1) ] + 3F"(x0()) [x(£) — Xo(2)1?
+ AP (E)[x(t) — xo(2)]? (10)

where the points £(¢) depend on the components. The notation has been
simplified; for example F”x? stays for

) of, of. of

i 9% 1 0%; 0%,

The solution of (10) satisfies the integral equation

X(1) = xo(t) = 2 (0, 1)x —x0) + [ L5, 1) F(x()[x(s) — xo(s)* ds

[ 2050 FEIN6) —xolo)P b (an
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from which have

() = xol)] < €4(0) b= xol +des [P [ () = xols) s
+ e 1) [ (o) —xofo))* ds (12)

Consider the differential equation

#(t)=¢4(2) 2(0) + 3ey [|F?] 22
Hie P12, 2(8) = |x(1) — xo(1)] (13)

If z(¢t) < az(0) for t < T, where « > 1 is to be specified later, it is

(1) <é4(2) 2(0) + [3ey 11| oz(0) + § | FJ} &*2%(0) ]z

50
z(2) < e, (t) 2(0) e

where

b=ic az(0)[ | F2 + 511 F*|| az(0)]
If

bT<1t

or

¢;0z(O)[ I F?|| + 317 2z(0)1T < 1 (14)

it follows that
z(1)<e e (T)2(0)  for t<T

so the procedure is consistent if «>e'?c (T), for example, a=2c,. The

condition (14) is always satisfied for z(0) = |x — xo| < p if
23 p(I PPl + 31 PPl e1p)T< L (15)

so (i) follows with the given value of §.
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(ii) From (11) it comes

|x(£) = xo(2) = Z(0, 1)(x — xo)|

<oy P [ 1%(8) = xo(8)12 ds + ey 1P [ 1x(s) — xols)|? dis
0 0

The interesting fact is that relations like those of Lemma 1 are valid also
for any two points in a p neighborhood of x,. }

Lemma 2. If |x; — x| <p and |x, — xo| < p with p satisfying (15),
then, for 1< T

(@) |xa(t) = x, ()] <e"ey(t) 13, — x4 (16)
and
(@) |x5(2) = x1(8) = L(0, t)(x2 — x1)| <kp |x;— x, (17)
where y(¢) is the monotone increasing function
() =2c1P(IIF?|| + 3¢ | F*|| ¢, p)

and
k=Ty(T) e*™"Dc,(T)

Proof. (i) We have

X5(1) — X,(1)
= F (x; (1) [x2(1) = x,1(6) ]+ 3F" () [x2(1) — x,()]?
= F'(xo(t))[xa(t) — x, ()] + F"(xo(£))[x1(8) — xo(2) J[x2(2) — x,(2) ]
+ 3 () [x 1 (2) — x0(1) 12 [x2(8) — x4(1)]
+ 1P (xo(1))xa(t) — x4 (1)1 + 3P (G LE() — xo(1) (32 — x1)°
(18)
with the same observation about the points £(¢) as before. For later use we

simply denote H(x,(), x,(¢)) the nonlinear terms on the right side of (18),
S0

xo(t) = x1(1) = L0, v — 1)+ | L5, 1) Hx,(s), xas)) ds - (19)
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From (18) it follows that
[x5(2) = x,4(2)]

<eilt) b=l +¢F 17 ep [ 1ls) = (o)) ds

AP 9 [ xy() = (o) ds

e 1P [ 1xa(o) = xi(s)* ds+4e3 1) ¥ [ xafs) = x, (o)1 d
<eyl0) ey =51l + 26 p(IF) + 36 1P e1p) [ 1xale) =xi(0)] ds

= c1(t) = +9(0p [ 1x:() = x,(6)] ds

and, proceeding as usual, we have
|x2(1) = x1(1)] ey (1) " | xy — x, (20)
If

IF°) crp<||F?) (1)

for example, | F3| ¢, p < & | F*|, (20) gives
1%2(8) = x ()| S (T) € [ X3~ x4| <8Bey(T) |xy — x4
(ii) Subtracting the linear part and applying (20) it follows that
[x5(1) = x1(2) = £(0, 1)(x5 — x,)]
<2 p(IF] +3" I €1p) || 1xafs) = x:(s)] ds
<yp(2) pey(2) et |xy — x4
<kp |x;— x4 (22)

Remarks. (1) Proceeding more carefully the factor 2 in y(¢) could
be substituted by 3 if p is small.

(2y With ||F?)| =0 [or the condition (21)] it is

p(T)T<2
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and so
py(t) te”? "2 e* <28

We did not use these fixed bounds because p can be much less than the
value given by equality in (15), and so the bounds (16) and (17) are better.
In our applications p is in fact small and we needed these finer results.

(3) The bound (22) controls the nonlinear terms of the flow. It is
easy to understand that, apart from some corrections which we will con-
sider in the next section, of which the principal one is a factor (1 + c4/c3),
(22) is also the principal part of the nonlinear terms of the Poincaré map:
that is, X, of Theorem 2 is nearly equal to K(1 + c4/c5) if T is the time of
the Poincaré map.

(4) It is to be stressed that the inequality (22) is really quadratic for
its dependence on p and |x, — x,]|.

As a consequence, while |x,(f)}—x,(¢)| is in fact expanding (at least
the function that gives the superior bound is expanding), on the contrary
|x,(2) — x,() — Z(0, £}(x, — x,)|, in virtue of its intrinsic quadratic charac-
ter, taking p much smaller than the value given in (15) so that Kp is less
than 1, can become a contraction with respect to |x, — x;|: the distance of
the points, subtracted the linear part, is less than its initial value. The main
criterion says essencially that, strengthening enough this contraction
character on the nonlinear part of the Poincaré map so that kp is not only
less than 1, but satisfies the condition (8), then the Poincaré map has a uni-
que fixed point.

Corollary. If x, and x, are in a p neighborhood of y and xy{(¢*) is
one of the points of y at a distance less than p from x,; and x,, then

s, — 5,%1] <P’ DTy (0%, 1% + 1) |x, — x4
with

e (£, t* +1)= sup | L(t*, t*+1)|

O<gr<1t

Proof. 1t follows from the autonomous character of the system. [

4. POINCARE MAP

First of all we give two simple properties of the Poincaré map: the
uniform continuities of the map.
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Lemma 3. If x; and x, are two points in the p neighborhood of x,
and x} = P(x,), x3= P(x,) are the corresponding Poincaré maps obtained
from the flow after a time T, and T,, respectively, then, supposing 7, > T

P (T

(i) AT=T,—T,<

e(Ty) |x3~ x4 (23)

3

and

(i) |xy— x| = |P(xz) — P(xy)]

ge”V‘Tl)Tlcl(Tl)(l-f-?) [ X5 — x4 (24)

3

Proof. From Lemma 1, applied to |x(7)—x,(7T)| where T is the
time of the Poincaré map of x,, we have

[XT) = xo(T)| <"y (T) x;— o (25)

and, while x,(7T) is on the plane x,= x by definition, (25) gives a bound for
the distance of x,(7T) from that plane. In any case, the points x(7T) are in
the %,,.,r) neighborhood of x,(7). In this neighborhood the minimum .
value of the velocity orthogonal to the plane is ¢; and so

T
ar=11- <o (26)

3

Obviously if p is small, also AT is small, for, example, of the order of
numerical integration step. The maximum value of the distance of x(7))
from x,(T) projected on the plane x,=c is obviously

s AT, <ePe (T) |x;— xo gﬂ
3
and so finally
|P(x;) = P(x0)| = [x(T;) = xo(T)| < &7y (T) x; — X (1 +%>

3

<2ep(142)=p* 6)
C3

Now, applying Lemma 2 in the same way and noting that in any case the
points x,(¢) are in a %,,(x,) neighborhood of x,, p;=p*+¢, for ¢ from T
to T,, as a consequence of (16) we obtain the results.



960 De Gregorio

Remark. Continuing Remark (3) of Lemma 2 and considering the
result (24), we expect that, if we remove the linear part of the Poincaré
map, the inequality we will obtain is

Cq

|P(xa) — P(x1) — L(xs — x,)| <kp |xs— x| (1 +c—3) @7)

in analogy to (16), (17), apart from some minor corrections due to the fact
that now the time of the flow of the Poincaré map depends on the point.
We consider (27) well established by previous considerations and only for
completeness do we add a more formal derivation of it; obviously, the
reader who is not interested in the details can skip the rest of this Remark.

In fact, in what follows we also obtain an expression for the matrix L,
the linear part of the Poincaré map in Xj,.

If T, is the time of the Poincaré map of X; (suppose T, > T,), we have

P(x;)~ P(x1) = x5(T,) ~ x1(T})
=Xo(T5) = x(T1) + x(Ty) — x(Ty)
= Fx,(O)T,—T1)+ £(0, T)(x;—xy)

+ fOT‘ P(s, T,) H(x,(s), x,(s)) ds (28)
By definition [x,(T3)—x,(7;)],=0, so

1
T,~—T = ————| 20, T))(x,—x,
d(xz(zd))[ (0. 110 =x)

+ J‘Tl g(s’ Tl) H(xl(s), XZ(S)) ds]
° d

and, substituting in (28) we have

LP(x2) — P(xy)];

Jixa(t:)) ]
= L0, Ty) — == Zul(0, T, 17— A2 )k
| 0 1)~ 2 2010 | -
7 Jdx:(5)
+ 12| gt 1) LD 5. 1) | 5,0 s
From this expression it follows easily (taking X, = X, and X; = X,) that
Li= 2,0, 122D g 01, iza (28)

Sa(xo(T))
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We then have
[P(xy)— P(x;)— L(x,— x1));
= ; [0, Ty) — Z4(0, T)J(x2— %1 )i

+Z JAxo(T)) f(xz(f))

d(XO(T)) fd( 2( d)):l dk(o, T)(XZ—XI)k

SixA1£3))
+ gm [Lx(0, T)— Zp(0, T))(x,— x1 )i
+_[ Z[ (S, Tl)—J{;EAZE d)))) ZLuls, Tl)] H(x,(s), x,(5)), ds

From this, recalling Lemma 2, (ii), and the previous bounds (26) and (26),
we obtain

[P(x3) — P(x()— L(x3— x1)|
<c,cs AT, 4™ | x, — x|

2 p7Cs e\’
+eie =p(14+=] [x,—x]
C3 C3

Cyq
+eies AT, e47 | x, — x4
3

K(T
(1 " c“) KD (14 a1y 59 xy - x|

AT
< (1 +§f‘->[K(T) <1 +—T—1> 4T 4 ¢P7(2 53 gesaT)
3 C3
+ef7c? 5(1+ )]plxz——xll
‘3 C3

SO

BT
Ko= (1 +3>{[K(T) (1 +2.a p> +eﬁTclc—] exp (c eﬂf—p>
Cs T ¢, C3 C3
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and Theorem 2 of the Introduction is proved, because, as we already noted,
the principal part in K is

Kofz(l +ﬁ) K(T)=<1 +£‘_‘_> ¢(T) Ty(T) P DT
5 C3

3

5. ERRORS OF INTEGRATION. THE PSEUDOFLOW

In each step of integration we introduce an error that is due to two
different causes. "

First of all there is the error due to the numerical method of
integration, and then the round-off error of the computer. While the first
can be reduced with a procedure of integration more precise, the second is
an intrinsic limit of the machine (at least if one does not use muitiple or
infinite precision programs).

We assume knowledge of the region in which the solution is contained
either by virtue of considerations like those of the Introduction or by some
numerical method. This is just to suppose that the round-off error can be
uniformly bounded. Call «, the error in one step of integration. It can be
evaluated considering the number of elementary operations needed for one
step of integration. «, can also be determined as a result of interval analysis
applied to a single step of integration.

With regard to the numerical integration error «,, we note that, using
for example Taylor expansion of order n, the error is bounded by

(sup JF[)y"+"-am+! (29)

1 isn+1

1
o<
n

with ||F'|| having the meaning of paragraph 1.

It is understood that, using again the knowledge of the region of the
motion, we can reduce this error as we like choosing small 4 and high n,
for example until it is smaller than the computer error. We observe that
also now we do not need a careful knowledge of the region of the motion.
We denote with « the sum of the two errors, a =0, +a,.

Remark. We are supposing that the derivatives of F greater than 3
have bounds not greater than ||F?||. The result (29) can be improved, if
some of the | F’| is much bigger than the others, taking the right power of
it in the rest of Taylor.

Let now {x,} be the pseudotrajectory obtained by numerical
integration. If R, is the operator of numerical integration, that, is the
operator that had to give x,,, in terms of x,, we really have

lxk+1—RAxkl Ko,
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for the round-off error of the computer. So

Xes1=RyXp+ &
where [&,] <a,.
Consider also the operator R, with 0 <t < 4, Ry= E, obtained by sub-
stituting in the numerical integration operator the step of integration 4
with the continuous parameter ¢, and define

t
B0 =Roxpt— & 0<I<4, k=0, 1., N~1

so that X,(4) =R, x, + &, = x, ;. That means that we are considering the
pseudoflow, that is, the continuous curve connecting x, with x,, ; which,
in our case, is the analog of connecting x, and x,, , by means of segments
in the case of linear approximation.

Let %(¢) be this pseudoflow, for which then

*(t)=%,(r') with k= [Zﬂ and t'=t— k4

[ ] denoting the integer part.
We observe first that we can estimate

IF|= sup |F(%(1))l=sup sup [F(%:(2))]

0T k O0<r<d
along the pseudoflow by
F (x4 (1)) = F'lki) + F'(x, ) [ Xe(1) — X, ]
+ (LX) — x, ]2

[recall that we need F”(&,) only if F”(x) is not constant or well bounded ]
and then
IFI<IFI+1F- sup  [Xe(r) — x4l

kO<i<d
+ 3P sup (%) — x)?
kO<r< 4

Bounds for |%.(¢) — x| are easily obtained. For 4 conveniently small we
can have for example
sup sup [X, (1) — x| <2 | F|| 4

k O0<ts4

We are now ready to give a bound to the distance of the pseudoflow from
the flow.
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Proposition 1. If (N+1)e”* D¢, a < p, where p is such that

2c3p(|1 P + 3P ¢, p)T <1 (15)
and
T
N=|=
H
defining
€)= sup [|Z(s, 1)l
O<s<st<t
then
1X(2) — x(0)] <e”” DTk + 1) €(t)a
with
t
=|-1<
k u N
and

X(1) = x,(2), 0<t<4
Proof. By definition of o« we have, for every k,
|%(1) = 5:X,| < (30)

For =4 (30) means
|Xie 1 — 54X S (31)

The corollary of Lemma 2 is now applicable:
IsjA +1tXk—~j S +r(sAxk7j— RS epy(T)T(gl(kA +1)a

Then by
k—1
X {T) = Ska+<Xo= 2 [SjA+rxk—j_sjA+1(SAxk4j—1)]
0j

+ (xk(r) - Stxk)
it follows

1X(2) = x(8)] = | Xx(T) — Sga4 < Xol
k—1
KXp(t) — s.x, ) + Z 1S54 X ;= Sia4 (S 4 X5 j_1)]
)
<(k+1) G (1) x DT
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A control of the procedure can be obtained with the interval analysis
applied to the whole orbit, but the final error of the interval analysis can be
bigger of this bound for the propagated error.

Remark. Knowing that the flow is contained in some bounded
region, we can estimate uniformly the error due to truncation of Taylor
expansion and to the computer. Then, from Proposition 1 it follows that
the flow x(¢) is contained in the #,, neighborhood of the pseudoflow x(z)
with

p=(N+1)e” M o
We can then evaluate again | F°||, the unique norm depending not only on

the pseudotrajectory, in this smaller region, obtaining hopefully a narrower
bound for it to use in the previous expressions.

6. A CRITICAL CONSTANT

We come now to the evaluation of the most important constant of the
criterion, the constant C; (Note that K, depends on C? and C, appears in
all bounds of the Lemmas).

Introduce the matrices:

P(i,i)=E, i=0,1,.,N

-1

20,)=[] [E+4F(x)], i=1,N
Ok

I—1

26, 0)=[] [E+A4F(x0)], i<l l=1.,N
l-k

and, for P a fixed integer,

21, L)=uﬁ [E+AF (x:)]
Define
Cy(T)=sup | 2(0, 1), C,=sup | Z(1, L)| (32)

Our aim is to use the matrices .Z(i, /) and the value C, to bound the norms
of the fundamental matrix solution .#(s, ¢) of the linear equation

A=F(xo(1))4
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along the flow x,(¢) satisfying the condition
L(s,s)=FE

We have to stress that there are many causes of errors and precisely:

(i) 2(,k+1) is not exactly given in terms of Z(i, k), but the
round-off errors of the computer are introduced.
(i) 2(, 1) is not evaluated for every i and / when i #0 [see (32)].
(iii) 2(i, 1) is not the fundamental matrix solution along the
pseudotrajectory.

(iv) 2(i, 1) is evaluated in fact along the pseudotrajectory and not
along the trajectory.

Nevertheless, we try to bound the norms of #(s, ¢) in terms of the
norms of #(1, L). First of all consider the computer’s error.

(i) The matrices we found by means of the computer are not
2(i, )=T1% ' [E+ 4F(x,)] but the matrices Z(i, [) such that

PG, =[E+4F(x)] 2(i, 1-1)+4,,

The errors considered here are those the computer adds once the
pseudotrajectory {x,} is given. Later we will consider the problem of the
pseudotrajectory as a cource of error.

If we assume that § is a uniform bound for §,, in the case under con-
sideration, ||¢;,] < B, we can easily compute how the error propagates. We
have

2, ﬁ E+dF(x)1+ Y I [E+AF(x0)190,

i+ 1+ 1k

and then, denoted by C1 the sup of the norm of 7 i D,

- -1
126 DI<IZGDI+B8 Y 120G+, D)

i+ 1)

<ILG DI+ (—DB sup [2G, 1)

isj<!

and

-~

Cy=sup p 2, <sup 12 (i, DIl + N sup | 2, D
Jd

<&, + NBC,
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If Nf <1 it follows

O\

1

1—NB

Ci< (33)

In our case, for the elementary error given in paragraph 6, and for the
orbits considered, f is certainly smaller than 1078, so this correction is not
very significant.

We now go on to the second point.

(ii) It is easily understood that, knowing

Cr=sup | 2(1, L)

the corresponding value with the sup done over every i and / is given by
C¥=sup | 2(;, )| < C, - lF14*
il

=C el with A,=AP

Remark. This is, in a sense, the most critical correction, meaning
that knowing a first check of {|F'||, we have to choose 4; so that | F'|| 4, is,
for example, not greater than 1, this value already giving a correction to the
point (ii) of more than the 50 %. But the number of operations needed to
evaluate C; grows quadratically when 4, is reduced. All other corrections
depend linearly on 4.

We come then to consider the error due to the approximation we used
of the fundamental matrix solution along the pseudotrajectory. Further-
more we pass from discrete to continuous values of time.

(iii) Introduce the matrices Z(s, ¢), fundamental matrix solution of
the linear equation

B=F(x(t))B
with the condition Z(s, 5) = E and define

Cy=sup [ 2(id, I4)]

il
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We have
C,<sup |23, )| +sup | 2(i, 1) — 2(id, 14))

il il

X [(E+ AF (x,)) — 2(rd, (r+ NA)] x 2((r + 1)4, 14) ”

SCH+NCEA* |F|* C,=Cr+C¥T4|F)2 C, (34)
Finally, if
C¥T4 |F)*<1 (35)
(34) gives a useful inequality
_ C¥
C <
"CL-ACIT|FI?

In (34) we used the condition 4 ||F'|| <3 contained in (35). When the con-
dition (35) is not satisfied, or the value is for example greater than 1, we
can improve the procedure without changing 4, defining the matrix 2(i, I)
in the following way:

-1

2, 1= T1 {E+4F (x) + 34 [F?(x) + F'(xi) - F(x) 1}

&

This gives another factor 4 in the left member of (35) which now becomes
CHTA*(IF P+ IF) IF\| ILF?| + | F*) - 1 F?||) To go from discrete to con-
tinuous values of time it is sufficient to multiply for the factor !4 so that

sup || @(s, )| =CF<Celf4 (IF"]| on the pseudoflow)

0<s<t<T

We come now to the final correction. We have to bound | (s, 1)1,
where Z(s, t) is the fundamental matrix solution of the linear variational
equation along the flow xg(¢), in terms of | Z(s, ¢)|| with 2(s, ¢) the same
matrix along the pseudoflow x(¢).

(iv) From the definition of ¥ and 2, and their properties, the
following integral relation can be deduced:

L(s,1)= 205,10+ | 2 ){FEO)EE) — xo(1)]

+ A EDIX(T) — xo(1) 1} L (s, T) do
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which gives

125, 01 <12Gs, ) + CF 1] ft 1X(2) = xo(2)] - |2 (s, T)]| dt

+4CE IR [ 15(0) = xo(0)? 125, )| de

Using now Proposition 1, with @ denoting the coefficient of €,(z),
w=(N+1)e"DTy
we have

t
G <Tr+CE P o | €0 de+4C7 [P 0* | 63(x) dr

where | F?|| refers to the pseudoflow and is evaluated like [|[F'|.

Remark. C, is contained also in w, but for p small the result does
not depend on that. In any case also this condition has to be checked at the
end. Proceeding as in Paragraph 2 for the equation

#(t) = az’ + pz°
<[a+pfyz(0)] 2% if 2(r)<yz(0) =yCF
we have
Ct

COST im0 cH

with the consistency condition
(C¥ Pl o +3CF | F|| 0 2)T=0<}
so that

C¥ ~

Ci<y5<20t

Come finally to the evaluation of C(T). We need it to have a bound
of L through the formula (28’). We see that we have to consider only the
points (iii) and (iv) because (i) is negligible and (ii) does not occur because
the supremum was done over all i

Ci(T)=sup [ 2(0, 1)|

822/38/5-6-11
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The correction (iii) is the same, but depends on the previous knowledge of
C,. Itis

Ci(T)

C(N<S—5
1( ) I_ACITHFIHZ

Similarly, from the procedure in (iv), it follows that

C (T)< (T)

7. APPLICATIONS

We applied the previous results to two different versions of the Lorenz
model. With the bounds in [2], especially with the corrections for C, used
there, we could not conclude, as we do now, that the numerical closed
orbits we studied satisfy the condition of the criterion.

First of all consider the system studied by Vul and Sinai‘?

X=a,x+b, yz+bxz
)')=azy—b1yz—b1xz
Z=—a;z+ (x+ yp)b,x+b5y)

which by a linear transformation reduces to the Lorenz system (see below).
With

a,; =9.700378782, by = —0.227266206
a, = —16.700378782, b, =2.616729797
a; =2.666666667, by = —1.783396463

the values of the parameters of the corresponding Lorenz equations are
r=28, 6 =6, b=38/3
The fixed point found by Vul and Sinai
(3.5007872047249; 3.3303317970426; 27)

is not stable, but the Newton method converges the same rapidly. We
obtain a value for |x — x,| of the order of 10~ The intersection with the
plane z=27 was found reducing recursively by a factor 2 the step of
integration until the desired precision was reached. The computer used is
the Univac 1100 of the University of Rome. The elementary error of it, in
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double precision, is less than 3 x 10 '8, We can assume that the computer
error in one step of integration is not greater than 10~ (interval analysis
gives a value less than 10~'%). We used the Taylor expansion scheme to
integrate the system, and could change easily the order of the expansion
with a recursive routine. The step of integration used was 4=10""> and
PA=4,=5x10"2 so all previous critical conditions are satisfied, con-
sidering also that the value for p we obtain is p=0.7 x 10>, We observe
that we do not need a careful knowledge of the constants: only ¢ and the
corrections to ¢, deserve attention. The larger contribution to ¢ is due to
|xy—x(N4)|, and it can be made smaller by increasing 4 and, correspon-
dingly, the order of Taylor: for example, with 4=1072 the number of
steps of integration decreases by a factor 10? but the number of elementary
operations in one step of integration does not grow by the same factor
passing from 4 to 7 terms in the Taylor expansion. The corrections to C,
on the contrary, depend critically on 4 and 4, and we cannot easily satisfy
the condition to have both small. We already noted that the evaluation of
C, depends quadratically on 7/4,.
The parameters for the orbit of Vul and Sinai are

¢, <7, [ Fll <45, [F?[ <6, ¢;249, c4<16
cs<27, T=068992, [(L—E)| '<20, K,<3x10°

so it is easily seen that the condition (8) of the criterion is satisfied with ¢ =
1.5x 1077, p=0.7 x 10>, The bound of precision needed for the computer
is

£
AL ——e—n~ 03 x 10712
\Nepy(T)Tc1

a value well within the limits of our computer. The other closed orbit
studied is that found by Franceschini and Tebaldi in the Lorenz system®

X= —sx+sy
y=—y—(s+2)x
= —Bz4+xy—R

for the following values of the parameters: s =10, B=8/3, R=294.13333.
The coordinates of the fixed point are

(—9.3249753511062; 7.70489278613672; —11)

In this case the values of C, and of |F'| are large and we had to use, for
example, the definition of & given in (iii) of Section 6 and 4, =2x 1072,
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The final value of the parameters, considering also Remark 1 of Lemma 2,
is

c1<89, |F|<64 IF<2, 32336,  c T2
es<21, T=109751, [(L—E)""<1,2  Ko<3x10°

The condition of the criterion is satisfied with e=09x 1077, g=3x107".
The precision needed for the computer is o <0.9x 107'* and we can say
that, even if to the limit, the precision we have is the right one (recall
anyway that also in this case the interval analysis gives an error of 10~ 1%),
The final conclusion is that in both systems there exists only one
periodic orbit in the p neighborhood of the numerical periodic orbit.
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